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Abstract
In this paper, we prove an important inequality and investigate some new calculating problems of random fixed point index, and
generalize famous theorem by means of the theory of random fixed point index.
© 2007 Elsevier Inc. All rights reserved.
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This paper belongs to the category of random nonlinear functional analysis. The random nonlinear functional
analysis is a new subject branch. It comes out of random analysis, nonlinear functional analysis and probability
theory, etc., see Refs. [1–7].
Let (Ω,U, γ ) be a complete probability measure space, γ (Ω) = 1, let E be a separable real Banach space,
(E,B) be a measurable space, where B denotes the σ -algebra of generating by all subsets in E, and let D be a
bounded open set in E, ∂D the boundary of D in E.
For some references on related work, see Refs. [8–15].
Theorem 1. Let X be a closed convex subset of E, let D be a bounded open subset in X, and θ ∈ D, suppose that
A : Ω × D → X is a random semi-closed l-set–contractive operator, such that
(H1)
∥∥A(ω,x) − x∥∥ = ∥∥A(ω,x)∥∥− ‖x‖, for every ω ∈ Ω, for every x ∈ ∂D.
Then A(ω, ·) has the random fixed point index iR(A(ω, ·),D,X) = 1.
Proof. Let Ht(ω,x) = tA(ω,x), where t ∈ [0,1], for every ω ∈ Ω , for every x ∈ D, then Ht : Ω × D → X is a
random semi-closed 1-set–contractive operator.
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α
[
Ht(·,D)
]= α[tA(·,D)]= tα[A(·,D)] tα(D) α(D),
where α denotes noncompact measure. Hence, Ht : Ω × D → X is a random 1-set–contractive operator.
We have I − Ht = I − tA + tI − tI = (I − t)I + t (I − A).
By given condition: I − A is a random closed operator, meanwhile, the D is a bounded convex closed set.
Thus Ht : Ω × D → X is a random semi-closed operator.
We can prove
x = Ht(ω,x), (1)
for every (ω, x) ∈ Ω × ∂D, t ∈ [0,1].
In fact, suppose that (1) is not true, that is there exist t0 ∈ [0,1], ω0 ∈ Ω , and x0 ∈ ∂D, such that x0 = Ht(ω0, x0),
that is
x0 = t0A(ω0, x0), (2)
then t0 = 0 (otherwise t0 = 0, we have x0 = θ ∈ ∂D, this is a contradiction to θ ∈ D), and t0 = 1 (otherwise t0 = 1,
we have x0 = A(ω0, x0), by (H1), we obtain∥∥A(ω0, x0) − x0∥∥ = ∥∥A(ω0, x0)∥∥− ‖x0‖,
that is 0 = 0, this is a contradiction).
Hence t0 ∈ (0,1), by (2), we obtain A(ω0, x0) = 1t0 x0. Inserting A(ω0, x0) =
x0
t0
into the (H1), we obtain that∥∥∥∥ 1t0 x0 − x0
∥∥∥∥ =
∥∥∥∥ 1t0 x0
∥∥∥∥− ‖x0‖,
that is(
1
t0
− 1
)
‖x0‖ =
(
1
t0
− 1
)
‖x0‖.
This is a contradiction.
Therefore, x = Ht(ω,x), for every (ω, x) ∈ Ω × ∂D, t ∈ [0,1].
By virtue of the homotopy invariance property in [3], we obtain that iR(A(ω, ·),D,x) = iR(θ,D,x) = 1. 
Lemma 1. When λ ∈ [0, 12 ), μ ∈ (0,1], μ > λ, λ + μ = 1, t > 1, and p > 1, the following inequality holds:
μ(t − 1)p − λ(1 + t)p < (μ − λ)(tp − 1).
Proof. Let
f (t) = (μ − λ)(tp − 1)− μ(t − 1)p + λ(1 + t)p,
where λ ∈ [0, 12 ), μ ∈ (0,1], μ > λ, λ + μ = 1, t > 1, p > 1.
Then
f ′(t) = (μ − λ)ptp−1 − μp(t − 1)p−1 + λp(1 + t)p−1
= P [(μ − λ)tp−1 − μ(t − 1)p−1 + λ(1 + t)p−1]
= P [(1 − 2λ)tp−1 − (1 − λ)(t − 1)p−1 + λ(1 + t)p−1]
= P [(1 − 2λ)tp−1 + (λ − 1)(t − 1)p−1 + λ(1 + t)p−1]. (3)
We have
(1 − 2λ)tp−1 + λ(1 + t)p−1
(λ − 1)(t − 1)p−1 =
(1 − 2λ)tp−1
(λ − 1)(t − 1)p−1 +
λ
λ − 1
(
t + 1
t − 1
)p−1
= −1 − 2λ
(
t
)p−1
− λ
(
t − 1 + 2)p−1
1 − λ t − 1 1 − λ t − 1
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[
1 − λ − λ
1 − λ
](
t − 1 + 1
t − 1
)p−1
− λ
1 − λ
(
1 + 2
t − 1
)p−1
= −
[
1 − λ
1 − λ
](
1 + 1
t − 1
)p−1
−
(
λ
1 − λ
)(
1 + 2
t − 1
)p−1
< −
[
1 − λ
1 − λ
](
1 + 1
t − 1
)p−1
−
(
λ
1 − λ
)(
1 + 1
t − 1
)p−1
=
[(
−1 + λ
1 − λ
)
− λ
1 − λ
](
1 + 1
t − 1
)p−1
= −
(
1 + 1
t − 1
)p−1
< −1.
Since (λ − 1)(t − 1)p−1 < 0, thus (1 − 2λ)tp−1 + λ(1 + t)p−1 > −(λ − 1)(t − 1)p−1.
That is
(1 − 2λ)tp−1 + λ(1 + t)p−1 + (λ − 1)(t − 1)p−1 > 0. (4)
By (4), we know that (3) becomes
f ′(t) = p[(1 − 2λ)tp−1 + (λ − 1)(t − 1)p−1 + λ(1 + t)p−1]> 0.
Therefore f (t) is a monotonous increasing function.
When t > 1, we have f (t) > f (1) and f (1) = 2pλ 0.
Hence f (t) > f (1) 0, that is f (t) > 0, that is
μ(t − 1)p − λ(1 + t)p < (μ − λ)(tp − 1). 
Lemma 2. (See Guo-zhen Li [3].) Let X be a closed convex subset of E, D be a bounded open subset in X, and θ ∈ D.
Suppose that A : Ω × D → X is a random semi-closed 1-set–contractive operator, such that
x = tA(ω,x) a.s., where t ∈ (0,1], for every x ∈ ∂D.
Then A(ω, ·) has the random fixed point index iR(A(ω, ·),D,X) = 1.
Theorem 2. Let X be a closed convex subset of E, D be a bounded open subset in X, and θ ∈ D. Suppose that
A : Ω × D → X is a random semi-closed 1-set–contractive operator, such that
(H2) μ
∥∥A(ω,x) − x∥∥p − λ∥∥x + A(ω,x)∥∥p  (μ − λ)∥∥A(ω,x)∥∥p − (μ − λ)‖x‖p,
for every (ω, x) ∈ Ω × ∂D, where μ ∈ (0,1], p > 1, λ ∈
[
0,
1
2
)
, λ + μ = 1, μ > λ.
Then A(ω, ·) has the random fixed point index iR(A(ω, ·),D,X) = 1.
Proof. We can suppose that A(ω, ·) has not any random fixed point on ∂D. (Otherwise, the theorem has obtained
proof.) That is
A(ω,x) = x a.s., for every (ω, x) ∈ Ω × ∂D. (5)
We prove
x = tA(ω,x), (6)
for every t ∈ (0,1), for every (ω, x) ∈ Ω × ∂D.
Suppose that (6) is not true, that is there exist t0 ∈ (0,1), ω0 ∈ Ω , and x0 ∈ ∂D, such that x0 = t0A(ω0, x0), that is
A(ω0, x0) = 1 x0.t0
842 C. Zhu, C. Chen / J. Math. Anal. Appl. 339 (2008) 839–844Inserting A(ω0, x0) = 1t0 x0 into the (H2), we obtain that
μ
∥∥∥∥ 1t0 x0 − x0
∥∥∥∥
p
− λ
∥∥∥∥x0 + 1t0 x0
∥∥∥∥
p
 (μ − λ)
∥∥∥∥ 1t0 x0
∥∥∥∥
p
− (μ − λ)‖x0‖p,
that is
μ
(
1
t0
− 1
)p
‖x0‖p − λ
(
1 + 1
t0
)p
‖x0‖p  (μ − λ)
(
1
t0
)p
‖x0‖p − (μ − λ)‖x0‖p. (7)
Since x0 ∈ ∂D, hence ‖x0‖ = 0.
Therefore (7) is that
μ
(
1
t0
− 1
)p
− λ
(
1 + 1
t0
)p
 (μ − λ)
(
1
t0
)p
− (μ − λ). (8)
Let t = 1
t0
. by t0 ∈ (0,1), we obtain that t > 1.
Hence (8) is that
μ(t − 1)p − λ(1 + t)p  (μ − λ)tp − (μ − λ).
That is
μ(t − 1)p − λ(1 + t)p  (μ − λ)(tp − 1).
This is in contradiction to Lemma 1.
Therefore x = tA(ω,x), for every (ω, x) ∈ Ω × ∂D, for every t ∈ (0,1).
By (5) and (6), we know that x = tA(ω,x) a.s., for every t ∈ (0,1), for every (ω, x) ∈ Ω × ∂D. By Lemma 2, we
obtain that A(ω, ·) has the random fixed point index iR(A(ω, ·),D,X) = 1. 
Remark 1. In Theorem 2, we take λ = 0, μ = 1, p = 2, A(ω0, ·) = A, and A is completely continuous operator.
Theorem 2 becomes famous Altman’s theorem. Thus, Theorem 2 generalizes Altman’s theorem.
Theorem 3. Let D be a bounded open subset in E, if F : Ω ×D → E, F1 : Ω ×D → E are two random semi-closed
1-set–contractive operators, and f = I − F , f1 = I − F1 are also two random operators. Meanwhile, suppose that
F(ω,x) = 0, for every (ω, x) ∈ Ω × ∂D, θ /∈ f (ω, ∂D) ∪ f1(ω, ∂D), for every ω ∈ Ω,
such that
(H3)
∥∥F1(ω, x) + F(ω,x)∥∥ ‖x‖ − ∥∥F(ω,x)∥∥ for every (ω, x) ∈ Ω × ∂D. (9)
Then iR(F1(ω, ·),D,E) = iR(F (ω, ·),D,E).
Proof. Let Ht(ω,x) = tF (ω,x) + (1 − t)F1(ω, x), for every x ∈ D, t ∈ [0,1], ω ∈ Ω . Then Ht : Ω × D → E is a
random semi-closed 1-set–contractive operator. In fact, we have
α
(
Ht(·,D)
)= α[tF (·,D) + (1 − t)F1(·,D)]
 α
[
tF (·,D)]+ (1 − t)α[F1(·.,D)]
= tα[F(·,D)]+ (1 − t)α[F1(·,D)]
 tα(D) + (1 − t)α(D) = α(D),
where α denotes noncompact measure, hence, Ht : Ω × D → X is a random 1-set–contractive operator.
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I − Ht = I −
[
tF + (1 − t)F1
]
= I − [tF + (1 − t)F1]+ tI − tI
= (1 − t)(I − F1) + t (I − F).
By given conditions, we know that I − F and I − F1 are random closed operators. Meanwhile, D is a bounded
convex closed set.
Therefore Ht : Ω × D → E is a random semi-closed operator.
And let ht (ω, x) = x − Ht(ω,x), for every t ∈ [0,1], for every ω ∈ Ω , x ∈ D. We prove θ /∈ ht (ω, ∂D), for every
t ∈ [0,1], for every ω ∈ Ω . In fact, suppose that there are ω0 ∈ Ω , t0 ∈ [0,1] and x0 ∈ ∂D, such that θ = ht0(ω0, x0),
that is
θ = x0 − Ht0(ω0, x0) that is θ = x0 − t0F(ω0, x0) − (1 − t0)F1(ω0, x0). (10)
By given conditions, we obtain that t0 = 0 and t0 = 1, thus t0 ∈ (0,1). By virtue of (10), we have
F1(ω0, x0) = 11 − t0
[
x0 − t0F(ω0, x0)
]
.
Hence
∥∥F1(ω0, x0) + F(ω0, x0)∥∥=
∥∥∥∥ 11 − t0
[
x0 − t0F(ω0, x0)
]+ F(ω0, x0)
∥∥∥∥
= 1
1 − t0
∥∥[x0 − t0F(ω0, x0)]+ (1 − t0)F (ω0, x0)∥∥
= 1
1 − t0
∥∥[x0 − 2t0F(ω0, x0)]+ F(ω0, x0)∥∥
>
∥∥x0 + (1 − 2t0)F (ω0, x0)∥∥.
That is
∥∥F1(ω0, x0) + F(ω0, x0)∥∥> ∥∥x0 + (1 − 2t0)F (ω0, x0)∥∥
 ‖x0‖ −
∥∥(1 − 2t0)F (ω0, x0)∥∥
= ‖x0‖ − |1 − 2t0|
∥∥F(ω0, x0)∥∥
> ‖x0‖ −
∥∥F(ω0, x0)∥∥.
(Since 0 < t0 < 1, 0 < 2t0 < 2, i.e. −1 < 1 − 2t0 < 1, thus |1 − 2t0| < 1, i.e. −|1 − 2t0| > −1.)
That is∥∥F1(ω0, x0) + F(ω0, x0)∥∥> ‖x0‖ − ∥∥F(ω0, x0)∥∥.
This is a contradiction to (H3).
Hence, θ /∈ ht (ω, ∂D), for every t ∈ [0,1], for every ω ∈ Ω .
Therefore, according to the homotopy invariance property in [3], we obtain that
iR
(
F(ω, ·),D,E)= iR(F1(ω, ·),D,E). 
Remark 2. In Theorem 3, when F1(ω, ·) = 0, we have that
iR
(
F(ω, ·),D,E)= iR(θ,D,E) = 1.
Then F(ω, ·) has a random fixed point in D.
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